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A MULTIVARIATE APPROACH TO ESTIMATION IN PERIODIC SAMPLE SURVEYS

Margaret Gurney and Joseph F. Daly
U.S. Bureau of the Census

Introduction:

The increasing use of periodic
probability-based sample surveys to study
the way in which selected characteristics of
a population vary with time has raised many
interesting problems of sample design and
estimation. The degree of interest which
this topic has generated may be gauged by
the (admittedly incomplete) bibliography at
the end of this paper, listing articles
that have come to our attention.

Although the fundamental ideas in this
area are already implicit in the basic
papers of Jessen [1(3] and Patterson [18],
they are often obscured in the literature by
the myriad of sampling details surrounding
the problems to which they are applied. In
this paper, which is essentially expository,
we shall examine a specific periodic sample
survey in an effort to show how the problem
of constructing "good" estimators can be
fruitfully regarded as a problem in standard
multivariate analysis and treated by means
of techniques currently in use for handling
general stochastic processes.

The Problem:

A sample survey which continues over a
period of time is capable of producing, for
each time period, many estimates of each of
the characteristics of the population being
studied. Each individual observation can be
used to make an estimate, or the individual
observations can be combined in some desired
manner to make one or more estimates for a
particular time period.

An estimate which does not make use of
the survey data for any time period except
that period to which the estimate refers
may be called an "elementary estimate.”" It
should be possible to improve such an esti-
mate by making use of correlated elementary
estimates available from other time periods.
The purpose of this paper is to discuss
minimum variance unbiased linear combina-
tions of elementary estimates, and to out-
line a method of computation which will
determine the weights to be used on the
various elementary estimates to obtain the
best linear unbiased estimate, whether for
au estimate of level, of change over time,
of an average over time, or in general, for
any linear combination of the elementary
estimates.

A Sgecia.l Case:

The Current Population Survey of the
Bureau of the Census is a monthly household
survey, which has been in operation for many
years. Data are collected on labor force
items, demographic characteristics, and on

other characteristics of the population for
which a household survey is an appropriate
vehicle. At each month estimates are made,
for many characteristics, of the current
level, of changes since earlier months, and
of averages over several months.

The survey is based on a rotating sample
in which one-fourth of the households are
replaced by a new selection of households
each month. In each month, one-fourth of
the households are new, one-fourth have been
interviewed in the preceding month, one-
fourth have been interviewed for three con-
secutive months, and one-fourth have been
interviewed for four months. Each fourth
of the sample is treated separately and an
elementary estimate for the month is made
from it.

The following additional information is
available for the survey, and can be used to
improve the estimates which are made from
the sample for a particular characteristic:
(a) the elementary estimates for past months,
for each panel, (b) estimates of the average
correlations over time for observations one
month, two months, and three months apart,
and (c) an estimate of the average variance
for a single panel, averaged over time.

Consider an estimate for a particular
month, say January. If the panels are
labelled "A", "B", "C", etc., with "A"
corresponding to the panel which has Jjust
entered the survey in January, the rotation
pattern may be described by the following
diagram. The numbering of the elementary
estimates Xi in the following chart is
chosen to “facilitate the computations.
This numbering mekes the covariance matrix
of the X's a straightforward direct product
of simple covariance matrices. It is
obvious how to terminate the numbering, for
a finite number of months.

Panel
Month
A|B|C|D E F| G H| Iletc.
Jan. X|X|X |X
1} 2| 4| 7
Dec. XX |X |X
3 5 8| 11
Nov. X |1X |X |X
8 9 12| 15
Oct. X (X X X
10| 13| 1e 1s
Sept. X |X X X
14| 17| 20| 23
Aug. X X |IX K
18| 21| 24| 27
etc. etc.
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As a first approximation we shall assume a
the following characteristics for the survey: xJan =
y 1
A. The expected value of the estimates of the It can easily be shown that this estimate has

4 panels for a given month is the same, the minimum variance of any linear combina-
e.g., for Jenuary EXj = EXz = EX4 = EX7. tion of X , X , X , and X ; its variance is
1 4 7

(X +X +X +X)/k
1 2 a4 7

B. The covariances between estimates from the 2
same panel at two different months depend “35 ti:es thetzaria.nce of an individual
only on the number of months between the elementary estimate.

two estimates. For example, When such a survey has been in operation

var(X;) = cov(Xy,X1) = cov(Xp,Xz) = 0@ for two months, starting in December, the
date available for use in making the best
cov(Xz,Xs) = cov(Xy,Xs) estimate for January are the four observations
cov(X4,Xg) = cov(X7,Xg) = cov(X12,X14)= p2o? for panels A, B, C, and D for Japuary, and the
four observations for panels B, C, D, and E
for December. It is possible to determine the

Cov(Xs,Xs) = p102

[}
i

COV(X7,X10)= cov(xn ,X14)=COV(X15,X18)= 0302

The average values of p;, po and p3 are coefficients Ci so that the estimate
estimated from past data from the survey. I _
For convenience we shall put a2 = 1. 2xJa.n N Clxl + c2x2 + C4X4 + C7X7 + CGXS *
C. The panels are selected independently, CX +CX +C X
so that (for example) 55 8 8 11 11
cov(X3,Xz2) = cov(Xz,Xs) = cov(Xs,Xg) = 0, etc. shall have the minimum variance, knowing the
Under these assumptions an estimate for relations
Jenuary may be made in several ways. The cov(X ,X) = cov(X ,X) = cov(X ,X) = p
simplest is to use only the observations for 2 3 4 S 7 8 1
the month of January for panels, A, B, C, and EX =FX =EX =K ; EX =K =K = K
D. Since the panels are independent, the 2 7 8 11

1 4 s 8

For an estimate of the civilian labor force,
with p = .8, the coefficients corresponding
to thelminimum variance are shown in Table 1.

Table 1.--ESTIMATE OF CIVILIAN LABOR FORCE FOR JANUARY FROM CPS SURVEY: COEFFICIENTS OF MINIMUM VARIANCE
UNBIASED LINEAR ESTIMATES FOR SURVEYS STARTING IN JANUARY, DECEMBER, OCTOBER, AUGUST AND APRIL

best estimate in this case is

Correlation Pattern: p; = .8, po = .7, pa = .65

Panel
G H 1 J K L | M

Duration of survey

|
"y

A B C D

1. One month (started in January)
JBOUATY.ceeeecnsecsssasesns | 250 .250| .250| .250| | | | | | | | |
2. Two months (started in preceding December)

JBOUBTY . eeereossanssanaanss | .219| .260| .260] .260
DeCember.seeccscseccsscsncns -.052]-.052(-.052| .156

3, Four months (started in preceding October)
JADUBTY. e eeeeocescsccssnsss | 195 .258| .269| .278

December..cocsscassnsassnss -.079(-.036|-.032| .147
NOVEmDEYs s e gecosscnssssnces -.063|-.025]-. .093
OCtODET . csoessscssseassasee -.061|-.021| .ook| .078

4, Six months (started in preceding August)
JONUBTY e voveeereeasssonnass | +189] .258] .271] .282

DeCembeT s eectassasssannens -.086|-.037]-.032| .155
November..ceseessesacesssee -.074]-.026]-.002( .102
OCtober.ieesseecsssosscccens -.075}1-.005| .007| .0T3
September..ceieeeessesceacs, -.045(-.006] .001| .050
AUGUE e e o eeenensnneecnnnnns -.027|-.013| .000| .o%0

5. Ten months (started in preceding April)
JANUAY Y. cssceesssccoscccnse .187] .259| .271| .283

DECEmbET s vvrererecacsasnns -.089|-.037]-.032| .158

NOVEmbEeT . oeceesosasessssnse -.077|-.026]-.002| .105

OCtOber.iesieevessesssssssces -.080]-.006| .007| .0T9

September.ececesscesassanns -.053|-.006]| .003| .056
Augustececeosececsscccccccene -.037|-.005| .002| .0kO

JULY e veereernnonnannocnnnns -.026|-.003| .001| .028
JUNC.cecescsssssscssccanccs -.018{-.002| .001| .019
MBY.cceeoosoooossecocacansee -.012]-.001] .000| .013

ADrile.ceseeeinecnnsnanes -.007|-.003| .000| .010




244

Table 2.--ESTIMATE OF CIVILIAN LABOR FORCE FOR DECEMBER FROM CPS SURVEY:

Table 1 shows also the coefficients for
an estimate of the civilian labor force for
January when the survey has been in operation

four, six, and ten months, respectively.

It

may be seen that the coefficients for the
earliest months in the sample are smaller
than the coefficients for the most recent
months; they approach zero rather rapidly as
the number of months increases.
the coefficients for the observations from
the most recent month approach constant
values as the number of months increases; if
the survey had been started much earlier,

the coefficients for January would be approx-

Moreover,

imately equal to those which are shown for

ten months.

In fact, after six months, the

coefficients for the most recent months are
close to the corresponding coefficients for

ten months.

Hence data from the most recent

six to ten months will provide practically
all of the improvement which can be achieved

in the estimate.

The speed of convergence

depends upon the covariances between esti-
mates for the same panel at different times.

If the covariances are very high (for example

p = .95), the time required for convergence
1

is longer; on the other hand, if is small,
say .50, the convergence will be much
faster, and only three or four months may be
required to approximate the optimum
coefficients.

If the survey has been in operation for
two or more months, it is possible to make
a revised estimate for a preceding month
which will have a smaller variance than the
one originally obtained for that month. For
example, an estimate for December, made when
data for January are available, will usually
have a smaller variance than the original
estimate for January. Coefficients for an
estimate of civilian labor force for
December, using the data for January, as
well as all earlier data, are shown in Table
2, for a survey which has been in operation
for two, four, six, and ten months,
respectively.

In this manner one can make a revised
estimate for November, using data through
January, which will have & smaller variance
than one which used data only through
November (or December).

COEFFICIENTS OF MINIMUM VARIANCE

UNBIASED LINEAR ESTIMATES FOR SURVEY STARTING IN JANUARY, DECEMBER, OCTOBER, AUGUST AND APRIL

Correlation Pattern: p1 = .8, p2 = .7, ps = .65
Duration of survey Panel
A 1 B ! C D !7 E ! F ! G ! H ! I 41 J ! K ! L ! M
1. One month (started in January)
No estimate for December
2. Two months (started in preceding Degember)
JaNUATY . eeeeeeensoasnasanse | +156(=.052]-.052|-.052
DECEmMbETr «eceevensvcnccnnnes .260] 260 .260| .219
3. Four months (started in preceding October)
January..... Creeseseaseseans .128|~.052]-.041|-.035
December.....oocevees [P 224 | 264 267 245
November...... etseasresnann ~.060(-.033|-.035| .128
October......ccvv [P -.042 1-.0471-.0061 ,095
4. Six months (started in preceding August)
JANUATY . eesesvanrecssnansane .120|-.0511]-.039|-.030
December. .o vieaneanss P 2L, | 263 267 .256
NOVEMDET s st vuvnernnsasnnsans -.072 |-.034 |-.032| .138
(03 7e) o= S -.060 |-.023 |-.003 | .086
September.cveiieeecesssnanes -.063 [-.005| .005| .063
August.............. ceresaen -.035|-.015| .000| .050
5. Ten months (started in preceding April)
JANUATY .. eeeereeenenananaees | +118}-,051|-.038 [-.029
December.......... eeeeeeens L211| .263] 267 .259
November.....ceveeens cereens -.0771-.034|-.031| .142
October...vieeeecreranenncns -.067 [-.024 |-.002 | .093
September....ccovievencesane -.073 -.005| .007| .071
August...oeiienceancenns e -.047]-.006] .003| .050
JULY.eeeeieeeeosoecnasannnns -.032 [-.005| .002| .035
JUNE..vivereoensncsnossnnnns -.022 [-.003 | .001| .024
May.eeoeannnane teseecensaans -.015| .002| .001| .016
April.............. Ceeeenes -.009 |-.004 | .000| .013




The variances corresponding to the best
selection of coefficients for an estimate of
the civilian labor force, for January and
for earlier months, are shown in Table 3.

Table 3.--VARIANCES OF DELAYED ESTIMATES OF

Correlation Pattern:

CIVILIAN LABOR FORCE:
IN JANUARY

SURVEY ENDING

p=.8,p=.7,p =.65
1 2 3

Duration of survey (months)
Estimates
1 2 L 6 10
J80.30eeenees | 4250 [.219 | .195 | .189] .187
DECrveerennns 219 | .183 | .173] .170
NOVeoooeonnns .183 | .167] .162
OCtessessecss .195] .167] .157
Septesiececss 73| 155
AUZ.vinennnes .189| .155
JUlYeeooseeens 157
JUNEsuoeenanns .162
U= .170
Aprilececec.. .187
B. Month-to-

month change:

Jan. - Dec... 125 [.122 | ,122 | .122
Dec. - Nov..«e .121 | .120 | .120
Nov. - Oct,.« 122 | .120 | .119
Oct. - Aug... .120 | .118
Sept. - Aug.. .122 |.118
Aug. - July.. .118
July - June.. .119
June - May... «120
May - April.. 122

var(X'Jan

The best coefficients for any linear
combination of the estimates for January,
December, etc., are obtained by teking the
same linear combination of the coefficients
of the best estimates of the corresponding
months. For example, the coefficients for
the best estimate of changes from December

to January, X'Jan - X'Dec’ are obtained by

subtracting the coefficients in Table 2 from
the corresponding coefficients in Table 1.
The variance of such a difference is given by

- X' = var (X'Jan) + var(X'_ ) -

Dec) Dec

c),where the covariance

] 1]
2cov(X Jan’ X' e
and X'

between X'Jan Dec is a number which is
obtained as part of the general solution of
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the system. Table 3 presents also variances
for estimates of month-to-month change. when
the survey has been in operation two, four
six, and ten months. The variance of month-
to-month change is quite stable, as can be
seen from the table.

General Procedure:

To obtain the coefficients of the
desired minimum variance linear unbiased
estimate, we find it helpful to use a
geometric approach suggested by the work of
Parzen [16],[17] on the application of
Hilbert space methods to stochastic
processes.

In our problem we have a finite set of
chance variables Xl,...,xn whose joint prob-

ability distribution is assumed to belong to
a family of distributions subject only to
the conditions:

A. No one of the X's is essentially a
linear function of the remaining X's.
(If initially we had

n-1

X = I C/X
n 1=1 i

with probability one, we assume that we
have eliminated Xn from the set, and so
on.)

+ comst.,

B. The covariances xij = E(xi - EXi)-

(xJ - EXJ) are finite and known.

C. The expected values ui = EX, are subject

i
only to certain linear homogeneous
restrictions such as

M =W ,H =4 =u,ete, .
2 3" 4 5 6
or more generally,

n
E g k=0 (h=1,...,p)

Our approach, in brief, is to let the
variables Xl, ceey Xn correspond to some

vectors kK , ..., En which form a basis for an
-1

n-dimensional Hilbert space V. (Halmos
{61, [7]). The vector m = (pl, cee, “n)

lies in this space, and is by virtue of
condition C free to range over some subspace
Mof V. To find the coefficlents xi of the
best linear estimator Z xixi
homogeneous linear combination of the Hys S8Y

z ci“i’ we form the vector Z ciEi’ find its-

of an arbitrary

projection v¥ on the subspace M, and then
express v* in terms of the k's. The coeffi-
cients in this expression will be the
required A's.
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(=

To set up the correspondence, we begin
by regarding the rows of the covariance
matrix

-Knl cee Knn

as vectors k, = [Kil’ ooy Kin] in an ordi-

nary n-dimensional vector space V. Next we
show that these vectors k form a basis for
V, so that any vector a with arbitrary compo-
nents al, ey a can be represented uniquely
in the form a = E eiki This follows from

the fact that the Ei are linearly independ-

ent, which in turn follows from our condition
A. above and from the fact that

va;(): ).ixi) = Iz )‘1’(13*3‘
Since any vector v in V is a linear
combination of the basis vectors k, we can
define the inner product of any two vectors

a8 =z eiki’ b =2 YJBB
in V by
(a,d) = (= 0,k;5 T w k ) = z eiKiJwJ.

This inner product can be thought of as
defining angles and lengths in V by inter-
preting the inner product of a and b as the
product of the "lengths" of & and b by the
cosine of the "angle" between them. In
particular, we shall say that a and b are
perpendicular if (a,b) = 0, and shall call
(a2,8) the square of the 1ength of a. It then
follows that the variance of any linear esti-
mator X L X is equal to the length of the

corresponding vector X xigi:

Mk, 2 x k ) = = )‘1K13)“J

We note further that (1)

= var(Z xixi)

1=1’ 53) = 20Ky

which is by definition the j-th component of
the vector a. Hence if m is the mean-value
vector with components u 9 eeey u it follows
that

(2,53) = (2 6,k

(m, zxigi) = Zhu = E(z xixi) (2)

Thus if & = X 9151 is any vector in V,
the expected value of the estimator I eixi is
given by (m,a) and its variance by (a,a).

Let us now examine the conditions C! on
the components My = Ex1 of the vector m.

Suppose, for example, we have the situation
(see Section 3)

Panel
Month A B C D E
January.cceeeees| X X X X
1 2 4 6
December....... X X X X
3 s 7 8

We would then expect the mean-value vector
to be of the form

n = {a,aB,q B, a,B, B}

so that we could write m = agl + 522 where

u = (1,1,0,1,0,1,0,0)
u = (0,0,1,0,1,0,1, 1),

More generally, the conditions C imply that
there are some linearly independent vectors

U ooy Wy such that m satisfies C if and

= =

only if m is of the form
m = ZEtu

i.e. m ranges over the subspace M of V

spanned by the vectors 21’ ceey Woe

Let us now single out a particular basis
vector Eh corresponding to the estimator Xh.

As we have seen,
@i) =y = By

for any mean-value vector m = (L , ..., uh].
- 1

Suppose v 1s any other vector in V such that
(m,y) = w

for every vector m in M. Since each of the
u, is then & possible choice of m, we must

have

(wpy) = uy, (@=1, ..c,m)  (3)
where Yoh stands for the h-th component of
u_.
_a

We now show that among such vectors v
satisfying (3) we can find one, say v,
which lies in M. This is equivalent to the
problem of finding numbers 71, cees Tp which

satisfy the equations

(u, Z 7&‘—‘6) = Z(\_xa,gs)rs = u

o



Unless the matrix of elements LaB = (lla,u )

is singular,.these equations have the
(unique) salution
- (k)

g
78 Yon Top

Where L. ' stands for the (a,B) element of
the inverse of (Laﬁ). But if (Laa) were
singular, there would be numbers ;a not all
zero such that T gaL = 0. This would

imply 0 = I éaLaﬁQ; (2 tu, E ga‘-lﬁ)’ 80
so that the vector £ { u_would have zero

length. However, in view of our earlier
discussion of the K matrix, the only vector
of zero length in V is the zero vector. And
the linear independence of the vectors u
mekes it impossible to have Z L u_ = 0
unless every { is zero. o=

We now have a vector v* which lies in M
and which satisfies the conditioms

() = (k) = uy

As animmediate consequence of these condi-
tions, we have

(oylkyz) = 0

a=1, ..., m

Q=1l, «eo, M

Geometrically spesking, we have resolved the
vector E.h into two components: & component

v* which lies in M and a component l_ch-v*

which 1s perpendicular to every vector in M.
In this sense we call v* the projection of
l_nb on the subspace M.

The fact that v* is the shortest vector
satisfying (3) now follows readily. lLet v
be any other vector in V which satisfies
(3). Then
(}_xa,x-!*)=0 @=1, veo, m
so that v - v* 1s perpendicular to every
vector in M, and in particular, (v*, v - v¥)
= 0. Consequently

(v,¥) = (W +v -, v +v-v*)= (v )+

(v - v, v - v)

since the usual cross-product term
2(v*, v - v*) venishes. Hence

(v, ¥) > (v, '1*)

Thus the estimator corresponding to the
vector v* will have minimum variance among
all unbiased linear estimators of My

To find the coefficients of this best
linear estimator, we must express the vector
v* in terms of the basis vectors Ei .

()
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From (4) we have

L.

ap

But u, = T 6,k, where the 68 4 are determined

- i1
from the relations

x*'=2uah

_ (B) (8) _ -1
uBJ = 2‘.91 Kij’ orG:L = Z‘.uBJ Kji'
Hence
_ - -1
Vo= D LaBluaJ KJiEi (5)
vhere L__ can be expressed in terms of the

uai and the Ki 3 by noting that

- (@) (B)
Lw-(zeigi,zajl_;j)=
(@), o(B) _ -
ey KUG y = ZuaiKij"uﬁj.

From gquation (5) we then see that the coef-
ficient of Xi in the best linear unbiased

estimator of ”‘h is

(h) _ -1 -1
Vit o= Zuy Laﬁ ua,jxji (6)

The preceding discussion was formally
restricted to finding the best linear

unbiased estimator of some particular compo-
nent Hy of the mean-value vector. But from

the easily demonstrated fact that the projec-
tion on M of a linear combination of vectors
!h is the same linear combination of their

projections, it follows that the optimum
estimator of some linear combination of the
u's, such as Bo- b, is the seme linear combi-

nation of the optimum estimators of the
individual components Eh

Equations (6) in the matrix form
= UT(U K UT) K2, vhere U = (wy) ()
are readily programmed on an electronic
computer to determine the A's for given u's

and K's.

Two final comments seem in order at this

point. In the first place from v¢=2u o
L(;; ug ve readily obtain the variance of the

optimum estimator of ph:

(v,v*) = Zu Ll (8)

Oh 0p Bh

which simplifies considerably in the problem
studied in this paper because in general for

a8 given h one of the Yo is one, and the rest

And secondly the matrix

(v k" g7t g2

are zero.

1 The computation is illustrated in Appendix A.
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has the properties of a "generalized

inverse" of UT, a notion that is being
increasingly exploited in recent research on
least squares estimation (Greville [ 5 ],
Goldman and Zelen [ 4 ]).

Approximation to the Optimum Estimate:

The purpose of this section is to
examine some alternative estimators which
approximate the optimum estimate, and to
compare them with the optimum. A desirable
feature of these estimators is that they are
somevhat easier to compute. Moreover, they
provide estimates which have most of the
gains of the optimum estimators.

Several forms of "composite estimators"
will be considered. A composite estimate is
a weighted average to two (or more) linear
unbilased estimates of the same character-
istic for a given time period; the weights
are selected so as to reduce the variance,
as compared with the variances of the orig-
inal estimates. These composite estimators
are defined recursively, and use only &
limited number of elementary estimates,
combined with composite estimates which have
already been computed. The description
below of several composite estimators will
illustrate the definition.

A. Simple Composite Estimator:

To form a "simple composite esti-
mator" for a given month, say January,

(1) meke a simple average of the elemen—
tary estimates for January from
penels A, B, C, and D!

1 -
X' on (Xl + X2 + X4 + X7)/h
(2) make a difference estimate for

January by adding to the (already
computed) composite estimate for
December the estimate of the
December-January change, based on
identical panels. Let the composite
estimator be designated by X*, and
the change by A

7,0’
A = (X X X - X -X -X
J,D ( PR 3 5 a)/3
The difference estimate for January
is
*
X*pec * 47,D
(3) meke a weighted average of the
estimates of (1) and (2) above:
* = -X)X' *
X* an (1-K)x Jen * K(x Dec AJ’D) (9)

B. Composite Estimator with Change from
Three Previous Time Periods:

The rotation pattern of Section 3
permits estimates of change for identical
panels to be made for two successive
months, for times two months apart, and
for times three months apart. An esti-
mator which permits the use of this add-
itional information is the following:

% = KT [ %
X* o (1-K-L-M)X Jen * K(x Dec * AJ,D) +
% ¥
L(x Nov * AJ’N) + M(x oet AJ’O) (10)

Here X'Jan is defined as before, and the

A's are self-explanatory; X* &8s used
here is of course different from that in
Equation (9).

C. A Modification of the Simple Composite
Estimator:

Some improvement in the estimate of
Equation (9) can be made if the linear
combination of observations for January
has more weight on panel. A, and less on
panels B, C, and D. Such a change will
bring the coefficients on the observa-
tions for January more in line with coef-
ficients of the optimum estimate. ILet
the term (l-K)X'Jan in Equation (9) be

replaced by

((1-K+A)X  + (1-K-A/3)(X +X +X )}/4 (11)
1 2 4 7

which is equivalent to

' _A
(1-K)X Jen * ((Axl 5()(2+x4+x7)]/1+

The expected value of the term in braces
is zero. This form is called an "AK-
Composite Estimator"; except for the
addition of the terms in braces, the
fo;mula is. the same as that in Equation
9). ~

D. Composite Estimator with Year-to-year
Change:

The Current Population Survey is
actually based on eight panels rather
than four, which rotate in such a way
that there is a 50 percent overlap of
households from year to year, as well as
the 75 percent overlap from month to
month. When the year-to-year correlation
is high (relative to the 12th power of
the month-to-month correlation), appre-
iable gains may be obtained by the use of
year-to-year change in the composite
estimate. An appropriate formula is

% = K " %
XJan (1-k-Q)x Jan * K(x Dec + Aﬁ,D)

+ QX% o Sran, Jan- ) (12)



where X"Jan is an average based on the eight

January panels, and Jan-12 refers to January
of the preceding year. X"Jan may be a simple

average, or may have unequal weights on the
eight panels.

E. More General Forms of Composite
Estimators:

More ‘general composite estimators can
be developed; however, an estimate which
is too general will lose some of the
advantages of the simpler estimates: it
may require the use of too many of the
elementary estimates, and may require the
retention of too many earlier composite
estimates.

The four forms of the composite esti-
mator given above are versions of

* = * * *
X Jan ZJan + KX Dec T X Nov + M oct *
*
¥ Jen-12 (13)
where ZJan is composed of contributions

from the estimates of level for January,
and from séveral estimates of change.

F. Comparisons with the Minimum Variance
Unbiesed Linear Estimator:

How well a particular composite esti-
mator will approximate the minimum vari-
ance unbiased linear estimator may be
measured by a comparison of the variances
which are obtained by the two estimators.
One may also compare the coefficients to
be used on the elementary estimates, for
different estimators.

Table 4 shows the coefficients for
the most recent four months (Panels A-G)
which are appropriate for several compos-
ite estimates, for an estimate of the
civilian labor force; it compares them
with the coefficients for the minimum
variance unbiased linear estimate based
on data for ten months. The comparisons
are made for the months of January,
December, November, and October. In each
case, the constants (K, L, M, Q) used for
the composite estimate are the ones corre-
sponding to the smallest value of the
variance for the particular estimate
considered.

Teble 4 shows also the variances of
estimates for January of the ecivilian
labor force, for the various estimators.
The numbers are relative to the variance
‘of the simple average for January. It is
seen that the AK-composite estimate
approximates the minimum variance unbiased
linear estimator quite closely: 1its vari-
ance is only slightly larger than that of
the best estimator, and the coefficients
are close to those for the best estimate.

2
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The estimate using year-to-year
change (Estimate 5) is not strictly
compearable to the other estimates in this
table, as it uses information

(A ) which is not available to
Jan,Jan-jo

the ten-month minimum variance unbiased
linear estimate. It is included to point
out that a high year-to-year correlation
pattern can effect further improvements
in the estimate.

The AK-Composite Estimate Used with Several
Characteristics:

The AK-composite estimate is a good
approximation to the optimum linear unbiased
estimate for a characteristic such as the
civilian labor force when A is .4 and K is .T.
For an estimate such as the change in monthly
level of the labor force, or for another
characteristic such as unemployment (which
has much lower correlations over time than
the civilian lebor force), these values of A
and K will not be the best. Table 5 shows
the variances expected for seversl corre-
lation patterns, for estimates of level and
of month-to-month change, for a number of
values of A and K.

It may be seen from an examination of
Table 5 that the values A = .2, and K = .7,
while not the best for all characteristics,
still provide apprecisable gains over the
simple average of elementary estimates, and
even over the present composite estimate for
the CPS (which uses the values A = O and
K = .5) when the correlations are moderate or

high.

When the correlations are low very small
gains may be expected, compared with the
simple average; there may be losses if the
values of A and K differ appreciably from
Zero.

Variations:

The data in Tebles 1 through 5 have been
based on average values of variances and
covariances, and on equal meens for all of
the observations at all time periods. 1In
practice the variances and covariances will
change over time, the means at different time
periods may have a seasonal pattern, or a
long term trend, and the expected values of
the observations relating to the same time
period may not be identical.

A. Changing Correlation Pattern:

Table 6 presents coefficients and
variances for the minimum variance
unbiased linear estimate for ten months
when the correlations are not equal over
time, but vary by as much as 20 percent
from equality. The correlations used are
shown at the top of the table. Even this

2 The method of computation is illustrated in

Appendix B.
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rather large departure from equal corre-
lations has almost no affect on the vari-
ance of the estimate of the January
level: by comparison with Table 3 it is
increased from .187 to .189. The

variance of the estimate of January-
December change is unchenged at .122.
The fact that the variances and covari-
ances are not known more exactly is of
little importance.

Table 4.--ESTIMATE OF CIVILIAN LABOR FORCE FOR JANUARY FROM CPS SURVEY

A. Coefficients for Recent Months and Variances, for Several Linear Unbiased Estimates
Panel Vari;gingzuZizimate
Estimate and month A 5 - 5 . " s (relative to the
simple average)
1. Minimum variance unbiased linear estimate -- 10 months started in April
JBNUBTY e eeeaaasanansasas| o187 .259 271 .283 .Th9
DecCember.cscscescssennns -.089 | -.037 | -.0327| .158
November...ceceese. ceene ~.077 | -.026 | -.002 .105
OCtObEreeereerescancnsns -.080 | -.006 .007 .079
2. Simple composite estimate: K = .6
JaNUATY.eceneessacesnaas| +100 .300 2300 | ..300 817
DECEMbET . ¢ ovoessnscacans -.140 | -.020 | -.020 .180
November..ceeeoseesscans -.084 | -.012 | -.012 .108
OCtObereceesecserscasens -.050 | -.007 | -.007 .064
3. Three-month composite estimate: K = .4, L = .1, M= .05
JANUATY. cteesacacsnens .112 246 .296 346 .796
DeCember..ccoseeceacas . -.088 | -.035 | -.015 .138
November. ..coeeeereenss . -.07h | -.039 .023 .090
(015 7] 1=3 R -.083 | -.007 .023 067
4. AK-composite estimate: K = .7, A = .b
JBNUAYY.veeesrvssonssoes 175 275 275 275 . 756
DECembeT. «cvarsenecscsse -.111 | -.04k1 | -.0k1 .193
November.cessesssossoess -.077 | -.029 | -.029 .135
OCtObeY.seeessesnssnnsasns -.05% | -.020 | -.020 .09k

B. Coefficients end Variance for Composite Estimate Using Year-to-year Change:
Estimate Panel
and
month A |B | ¢ | DT [ F | ] ... | M T N T o1l P [ @ TR | s
5. Month-month and year-year change: K = .5, Q = .2
Jen. seeses|..037| .121] 121} .121 . .087| .171] .171| 171
Dec. socees =-.005|-.02%|-.023| .061 -.0k0| .002| .002| .086
NOV. sscces -.033]-.011}-.011] .030 -.020| .001| .001| .O43
Oct. sevnes -.016|-.006]|-.006| .015 -.010| .001| .001| .021
Variance of estimate for January Jan.-12 |-.0k2|-.026]|-.0R6|-.026
relative to the simple average: Dec,-12 -.031|-.016|-.016|-.001
» Nov.-12 -.016(-.011|-.011( .006
2709 Oct..-12 -.015(-.007|-.007| .006
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Table 5.--COMPARISON OF VARIANCES OF AK-COMPOSITE ESTIMATES FOR SEVERAL CORRELATION PATTERNS, AND FOR
SEVERAL VALUES OF A AND K

Variance, relative to simple average (A = 0, K = 0) of --
Correlation pattern K Esf.imate of monthly level Estimate of month-to-month chagggi
A=0 A=.1 | A=.2 | A=.3 | A=.4 A=0 A=.1 | A=.2 | A=.3 | A=.b .
1. High--
P1=.95, p2.=93, pa=.90| .4 .791 .784| .785| .792 .52k 5431 580 .636
.5 7250 .TAT| .T16] .T22| .T35 A2) 55| 485 532 .596
.6 6511 .642{ .64O| .644| .657 370! 379 J403|  JWu3[ k99
T 576 .564| .560| .563| .5T4 309 31| .334| .369| .419
.8 .518| .500 .492 o1 k99 262 .265| .282] .312| .357
2. Moderate-- .
p1=:80, pz=.T0, pa=.65{ .k 857 .845| .Bho| .843 728 735 .755| .787
5 .829| .812| .803| .802| .808 .690| .692| .706) .732! .T70
.6 Bitl 792 .777! .TTO|l  .TTL .661| .660| .669| .689( .721
T 8481 .806| .780| .764| .T56 bU1f  .63T| - .642| .658| .684
.8 978! .920( .874| .837| .812 6351 6271 .629| .6hko| .662
3. Low--
p1=.50, pz=.40, pa=.30| .4 971 .951| .938| .933 .928| .922| .925| .935
5 1.005| .975( .953| .939| .934 931 .922| .920| .926| .939
.6 1.084( 1.038| 1.003| .978| .961 o2 930 .924| .925| .933
T 1.262| 1.187( 1.130| 1.084| 1.048 .960| .945| .935| .932| .936
.8 1.676] 1.560| 1.458( 1.370{ 1.297 985 .968| .955| .949| .9u8

Based on difference of two estimates of level.

Table 6.--ESTIMATE OF CIVILIAN LABOR FORCE FROM CPS SURVEY: MINIMUM VARIANCE UNBIASED LINEAR ESTIMATE
Coefficients and Variances with a Changing Correlation Pattern

7 Changing Correlation Pattern B. Variances
Correlation Correlation Correlation
between: f1 between: 2 between: b3 Estimate Variance
Jen.-Dec. .80 Jan.-Nov. .70 Jan.-Oct. .65
Dec.-Nov. .76 Dec.-Oct. .68 Dec.-Sept. .61 Jan. level .189
Nov.-Oct. .T2 Nov.-Sept. 64 Nov.-Aug. .57 Dec. level 176
Oct.-Sept. .68 Oct.-Aug. .60  Oct.-July .53
Sept.-Aug. .64 Sept.-July .60 Sept.-June .57 Jan.-Dec. change 122
Aug.-July .68  Aug.-June 64  Aug, May .61
July-June .72 July-May .68  July-April .65
June-May .76 June-April .70
Mey-April .80
C. Coefficients for Panels (Estimate of Januery level)
Panel
Mnth |——T—5T ¢ T D [ E [ F 16 &1 L1 J [ KL [H¥
Jan. .189| .254| .272| .285
Dec. -.082|-.042}-.026| .150
Nov. -.073|-.039| .014| .098
Oct. -.077]-.017} .022] .0T2
Sept. -.046]-.014| .012| .08
Aug. -.032|-.010| .011]| .031
July -.020|-.006| .006| .020
June -.016{-.003| .005 .014
May -.010}-.002| .002| .010
April -.007|-.003| .001| .009
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B.

Unequal Means at a Particular Time
Period:

It may happen that the observations at
a single time period do not all have the
same expected value. For example, in the
Current Population Survey, the first time
a household is interviewed it appears to
respond differently to the interview, with
respect to some characteristics (for ex-
ample, employment status), than at the
second or later interviews. Following the
diagram in Section 3, one might have for
January:

EX; = (1+a)u

when
EXZ = ED(4 = EX7 = M

There may be the same kind of bias in the
reports for December, November, etc.

When there are unknown response biases
in the expected values, both the minimum
variance unbiased linear estimator and the
various composite estimators may produce
estimates which are biased.

If the pattern of bias is constant over
time the total bias will approach a limit
for each of the estimators which have been
discussed here. Table 7 shows the biases
to be expected in several cases.

In Table 7 a characteristic is con-
sidered which is possessed by about
10,000,000 persons in the population and
which has a correlation pattern similar to

that of the civilian labor force. The
sampling error of this estimate from a
simple average of elementary estimates is
200,000 (i.e., about 2 percent). Two
patterns of blas in the estimates from
the four panels at a single month are
considered:

(1) The bias occurs only at the first
time at which a household is inter-
viewed. The bias is of the same
order at each time period. The pat-
tern of expected values at a single
time period is

(l+&)u; My By Ko

(2) The "newest" and "oldest" panels have
compensating biases. The pattern of
expected values for each month is

(1+8)n, u, u, (1-a)u.

Table 7 is computed for values of "a"
equal to 100,000 and 200,000. The result-
ing root mean square errors are compared
with the standard errors of an unbiased
estimate, for several estimators.

Table 7 shows that when the bias in
the estimate from the '"new" panel is one-
half (or even equal to) the size of the
standard error of the estimate, the root
mean square error is hardly any larger
than the standard error of the correspond-
ing estimate. The gains which are achiev-
ed in using the minimum variance unbiased
linear estimate, or the several composite
estimates, persist, even with a bias of
this size.

Table 7.--EFFECT OF CONSISTENT BIAS ON THE RELIABILITY OF SAMPLE ESTIMATES OF A CHARACTERISTIC HAVING A

CORRELATION PATTERN OF p = .8, p_ = .T, p_ = .65

(Size of Estimate is 10,000,000)

a = 100 x 10° a = 200 x 102
Standard |Bias in new panel only|Bias in new panel only Comﬁ:g“:ﬁé:gtb;::ei: new
Estimator e | (148, 1,1, 1) (14, 1, 1, 1) (1+a, 1, 1, 1-8)
Bias RMSE Bias RMSE Bias RMSE
(20°) (10%) (10°) (10°) (10%) (10%) (10%)
(1) (2) (3) (%) (5) (6) (M (8)
Simple BVerage..esceescccss 200 -25 202 -50 205 0 200
Minimum variance unblased
linear estimate-10 months. 173 -21 17h -h2 178 -201 265
Simple composite:
K= 6ecececorccnncone 181 -25 182 -50 188 -200 270
K= e5ceconcccconsanne 182 -8 182 -17 183 - 33 185
AK-composite:
K=oT, Amlbeciiceiiennnnnes 1Th -19 175 -39 178 -222 282
K=u6, A=.3ccceeecccoccccns 175 -6 176 -12 176 -149 230
K=o5, A=eBeceeecanrcnccnns 179 + 7 179 +13 180 - 93 202




If biases should occur in two panels, and
should be compensating, (see columns 7 and 8
of Table 7) the simple average of the elemen-
tary estimates would be unbiased. The esti-
mators which meke the most use of past data--
the minimum variance estimator and the AK-
composite with a high value of K--show the
largest increases due to such a bias. The
columns for compensating biasses are included
in the table to illustrate perhaps the worst
situation which could occur; the likelihood
of compensating biases is very small.

If the deviations in expected values are
known, or can be measured quite accurately,
one may consider the advisability of adjusting
the sample estimates accordingly. However,
the assumption that the bias will continue to
be the same in the future as in the past may
lead to serious errors. A better procedure
is to try to eliminate the response bias, if
it is significant.

A Different Rotation Pattern: The Census
Current Business Reports Survey:

For small retail and service establishments,

The Current Business Reports Survey of the
Bureau of the Census is based on 12 panels,one
of which is enumerated each month. At the

time of enumeration, information on retail
sales is obtained for the preceding month and
for the next earlier month. After a year,the
panel which was in the sample a year ago is
enumerated ageain.

The rotation pattern is
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For this rotation pattern, the minimum
variance unbiased linear estimate is very
close in form to a composite estimate. If the
rotation pattern is altered so that the sample
for any month is independent of that for any
other month (i.e., the sample for the months
of one year are not repeated in subsequent
years), then the minimum variance estimate can
be expressed exactly in composite form.

For an estimate of January level, we write
X* =

- %
Jan X KJX2 *+ KX ec’
This estimator will have minimum variance
when

K, = cov(Xy,Xz2)/ (var(Xz) + var(Xﬁec)]‘

Here x]*;ec is defined in a similar menner, in
terms of Xa, X4, XSec and a constant KD, which
is defined in terms of cov(Xas,X4), var(Xs),

Oct)'

These relationships hold, whether the
survey has started recently, or whether it has
been in operation for a long time. When the
covariances are all equal to p, and the
variances of the individual elementary esti-
mates (X,) are all equal, say o2, the value of
K spproaches a limit, as time passes:

1-V1-p2
o

and the variance becomes

and var(X*

K =

Month

Panel

Nov. |Oct. |Sept.

Aug.

July |June [May [ April Febd.

January.| X
December| X X
November Xa X
October, ¢ X X
Septenber| ° x-’ X
August.. °
JuWyeaoo
June....
May.eoes
April...
Merch...
February
January.| X

10

11
X
12

December| X X
26

ete.

13
X

14 15
X

18| 17
X

18 19

23

22

24
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var(x*) = o2 Jl-pz.

With the altered pattern, the best estimate
of month-to-month change (say from December to
January) will be obtained by meking a revised
estimate for December, using the date available
from the January survey, and subtracting this
from the best January estimated. The revised
estimate for December can also be written in
composite form

X

*Dec(rev) (1-K/p)X2 + (K/p-K)Xa +

K(X*NOV(I‘EV) + X3 - X4)

vhere, as before,

K = (1- Jl-pz)/p

The variance of the revised estimate is

02 K/p Y1-02 ;

it is smaller than the variance of the unre-
vised estimate by a factor of K/p.

The best estimate of the December-January
difference is then X* - Xse as was
Jan c(rev)

noted by Patterson [18]. In fact, an estimate
of this form, which uses all of the available
data, hes the minimum veriance of any linear
estimate of month-to-month change, even when
the variances and correlations between panels
are not constant over time.

APPENDIX A

Computation of Minimum Variance Unbiassed Linear Estimate

To illustrate the computation of the minimum
variance unbiased linear estimate, consider a set
of three elementary estimates, which might be ob-
tained at the beginning of a survey with a rotation
pattern like that of the Current Business Reports
Survey, as shown in the diagram in paragraph C of
Section 7. The observation X; is an elementary
estimate for the month of January; observations
X> and X3 are elementary estimates for the preced-
ing month, December. It is desired to make the
minimum variance unbiased linear estimate of level
for January, having the following information:

1. EX; = p1; BEXo = EXa = uz

2. The covariance matrix is

1 p O
K = p 1 O
0 0 1

3. The mean value vector is

m = (p1, p2, w2)

which can be written as

m = M1 W + Hau2
where
uy = (1,0, 0)
u = (0,1, 1)

The matrix of coefficients of the minimum
variance unbiased linear estimator for estimating
the expected values of the three varisbles X,, X5,
and X3 is (see Equation T)

c = uT(u kU)ot

The covariance matrix of the optimum solutions
is (see Equation 8)

P = UT(uk?ul)u.

The solution is indicated in the following
equations
l-p O
K = -p 1 O
-0 {0 01-p2

Define
1 -p
L = vkt = 2
1-p2  |-p 2-p%
24 2
1o L p= +p
2 +p 1
Define the matrix
2-p% p p
P = ULty = % p 1 1
o} 1 1
and the matrix of coefficients
a1+ 2 -p +p
-1 1
C = PK = 22 = 5 0 1 1
C3 0 1 1

The minimum variance unbiased linear estimate
for January level is obtained when the coefficients
cy are used:

A
£, = X3 - (X2 - X3)/2.
The optimum estimates of December level employ

the coefficients cp and cs, respectively, and lead
to identical solutions:

N
Xo = Xs = (X2 + Xa)/2



The covariance matrix P, which gives the
variances and covariances between
A A A
X1, Xz, and X3
leads to

var(Ql)

(2 - p®)/2
var(Ra) = 1/2

The variance of the best estimate of change

var(ﬁg)

A A
(X1 - X2) 1s
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A A
var(Xy) + var(Xz) -
A
2 cov(Xy, Xz)
(3 -20 - p®)/2.
These results may be verified by conventional

methods. For example, one may construct the
variance of 3
A

X3 = Z C,, X
1 J=l la J,

A A
var(X - X2)

and determine the values of the coefficients which
minimize the variance, subject to conditions 1
and 2.

APPENDIX B

Computation of Variances for Composite Estimates

The general composite estimator, Equetion (13),
may be written as

X* = Z o+ KX¥ 4+ LX% 4+ MX* 4+ QX% (14)
1 1 2 3 4 13
where the subscript "1" designates the most recent
month, "2" is the preceding month, etec.

To illustrate the computation of the variance
of a composite estimate, consider the simple com-
posite estimator:

X* = Z + Kx*
1 1 2

Z +KZ +K%2Z +K%Z + ... (15)
1 2 3 4

1. Define, at each time period t, for
t=1,2,3, ...and 1 =0,1, 2, ...

Y, = var(x})
Y, = cov(xy, Xt )
A = cov(Zt, X§+i)
Piy ver(z) = cov(Zt, Zt+i)
and
Po,z = 1

2. Take covariances between Equation (15)
and X*, and X*:
i 2" -

Y = A +KY;
(o] o (16)

Yy o= A+ K

These two simultaneous equations can be
solved for Y and Y if K| <1. The
solution will give values for var(X;) and
cov(Xt,X;); higher covariances can be

obtained successively from

Y, = A +KY, (17)

for 1 =2,3, L4, ...

3. The (Ai} satisfy a set of covariance
equations obtained by taking covariances
* = *
between Z; and {x1 zZ, + Kxi+i] for
i=1,2,3, ...

Ay = by, var(Z) + KA1+1 (18)

In particular, for the simple composite
estimate (Equation 17)

A = Po,z var(Z) + KAy
A = p, ver(Z) + KAz (19)
Az = p,, var(z) + Kas

ete.

4, The form of Z, 1is determined by the rota-
tion pattern "and the weights assigned to
the panels. For the simple composite
estimate, with the rotation pattern of the

diegram in Section 3, we find

Zy (1-K)(X1+X2+X4+X7)/h +

K(Xo+X4+X7-X3-Xs-Xg)/3
or

zZy = Q,';Qxl

§(x3+x5+x3)

Zo is defined similarly, using the ele-
mentary estimates with subscripts
corresponding to months "2" and "3,",
ete.

+ 5T‘__Tl{-()(2+x4,+x7) -
(20)

The variances and covariances

cov(%a, zZ )

a+l piz var(Z)

may be expressed in terms of the variances
and covariances of the original (elementary)
estimates Xi; that is, in terms of
var(X) and {pix].
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For the rotation pattern of the
diagram, correlations more than three
months apart are zero; it turns out that

only var(X), Prd Pox and P,y 8Te mon-

zero. Starting with A4 = O, in Equation

(18), Az, Az, Ay, and A may be determined
recursively, for particular values of K,

and of

var(X) and Py’ Pox’ Pax’

5. Having found {A,}, Equations (16) may be
solved for Y &nd Y,; in general, (Y.)
may be found by applying Equation (173

successively.

6. The form of the {Y,} lends itself readily
to the evaluation "of a number of estima-

tors, in addition to the estimate of level

for a single month. For example:
*
var(X;)

=Y
o

Variance of monthly level

Variance of month-to-month

*  *
change in level var(X,-Xo)

= 2(YO-Y1)
Variance of year-to-year % %
change in level = var(X;-Xis)
= 2(Y0'Y12)

7. By varying the value of K, while keeping
|K| <1, it is possible to set up a
table of variances for each estimator
(of level, month-to-month change, etc.)
and to determine the value of K which
leads to the minimum value for each.
Frequently a compromise value of K can
be found which will make gains for
several characteristics, and for several
estimators, although it may not be the
best value for any one.

8. For more complicated composite estimators
the system will consist of more than two
equations. For example, if year-to-year
change is incorporated into the estimate,
the system will consist of 13 equations.
The form of {Z,) may also be quite
complicated, deépending on the conditions
set on the coefficients of the estimate
of level, and on the number of estimates
of change which are used.
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